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ABSTRACT: Dielectric relaxation of poly(p-hydroxybenzoic acid) (PHBA) due to torsional vibrations of
the dipoles of ester groups in the main chain is considered. A dynamic model of elastically coupled rotators
interacting with the crystal lattice is applied. The model is characterized by two sets of force constants
which determine intrachain correlations between rotators along a given chain and interchain interactions
in the crystal lattice. Correlation functions for the cosines of the rotation angles of different rotators in
a chain are calculated. Fluctuations of the components of dipole moments normal to the chain axis
(transverse components) and fluctuations of the components along the chain axis (longitudinal components)
are considered. The transverse component is connected with the previously considered crank-shaft type
of internal rotational motions of ester groups. The origin of the longitudinal component is ascribed to a
complicated superposition of internal rotations and bending vibrations. The fluctuations of the transverse
and longitudinal components depend on intrachain and interchain interactions, and their contributions
to the dielectric relaxation of PHBA are comparable in magnitude. The thermal averaged magnitude of
fluctuations of the total dipole moment is calculated. The calculated results are compared with
experimental data on the dielectric relaxation of PHBA and also with predictions based on previous
molecular mechanics calculations. It is concluded that consideration of only transverse fluctuations of
the dipole moment does not provide an adequate description of the experimentally observed dielectric
relaxation of PHBA. On the contrary, consideration of a superposition of both transverse and longitudinal
contributions results in good agreement with experiment using force constants estimated from torsional
potentials (calculated by the AM1 method) and from the experimental activation energy. The activation
energy corresponding to dipolar motions in noncrystalline regions of a PHBA bulk sample is obtained

from the experimental dielectric relaxation.

1. Introduction

The homopolyester of 4-hydroxybenzoic acid (PHBA)
is a polar macromolecule which according to X-ray
datal~ can exist in two conformations. We will refer to
them as cis and trans. In the cis-conformation the
oxygen atoms of neighboring carbonyl groups are found
to be at opposite sides of the main chain; in the trans-
conformation these atoms are located at the same side.®
The trans-conformation is observed only in homopoly-
mers with low degrees of polymerization at room tem-
perature (phase I1).12 In all other phases—the low-
temperature phase | and two high-temperature phases
111 and IV—the PHBA chains exist in the cis-conforma-
tion.134 In the cis-conformation the signs of the trans-
verse projections of the dipole moments normal to the
main chain alternate along the chain (Figure 1). There-
fore, the transverse projection of the total dipole moment
M of the PHBA chain is equal to zero in a regular chain
conformation. The directions of the longitudinal projec-
tions of all the dipoles coincide; therefore, every chain
has a considerable longitudinal component of M which
is proportional to the degree of polymerization. How-
ever, in a highly ordered crystalline sample, the chain
cannot reorient as a whole and the total dielectric
relaxation is related only to small fluctuations of dipole
moments near their equilibrium positions. Thus, the
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Figure 1. PHBA chain in the cis-conformation. The rotation
of the ester group around a long bond of the main chain is
shown by a curved arrow.

contributions from both transverse and longitudinal
components of the total dipole moment may be impor-
tant.

Kalika and Yoon® studied the dielectric relaxation of
PHBA near the transition from the crystal phase to the
smectic—E —like phase beginning at 325 °C. They
measured the dielectric susceptibility as a function of
frequency and found the value of the dielectric strength
Ae = €0 — €. Here, ¢ is the static susceptibility, and €.
is the infinite frequency limit. The measured value of
the dielectric strength was found to be between 0.7 and
1.0 for different samples. It was compared to that
calculated using Onsager’s formula’ for an isotropic
system of freely rotating dipoles with each dipole
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moment equal to the transverse projection of the dipole
moment of an ester group. Kalika and Yoon® interpreted
the calculated result using an approximate model where
some of the dipoles were assumed to perform free
unhindered rotation and the others were completely
fixed. From this comparison the effective fraction of
freely rotating dipoles was found to be between 0.18 and
0.25 for different samples.

It is known, however, that bulk PHBA is a rather
highly ordered crystal at the temperatures considered'#
and the existence of a significant fraction of freely
rotating groups seems questionable. Therefore, we wish
to consider in this work a more realistic dynamic model
which assumes a superposition of different types of
vibrations compatible with the crystal lattice.

In this paper we calculate the contribution to the
dielectric strength Ae from a single long PHBA chain
embedded in a crystalline environment. A simplified
approach based on a model of elastically coupled rota-
tors interacting with an external molecular field (i.e.,
with the crystalline environment) will be applied to
describe the motions of the ester groups. This approach
enables us to estimate the contribution of different types
of vibrations of ester groups both to the transverse and
longitudinal fluctuations of the total dipole moment of
a PHBA chain. If carbonyl groups are only allowed to
change their orientations due to rotation around the
Car—O bonds, where Car is the carbon atom of a
benzene ring, then only fluctuations of the transverse
component of the total dipole moment are allowed
(Figure 1), since the longitudinal projections of ester
groups do not vary during rotational motions of this
type. Actually, there are also fluctuations of the longi-
tudinal component of M which should be taken into
account. These can occur if rotation around the (CO)—0O
bond is also considered. According to semiemperical
calculations of the intramolecular energy of PHBA,
these ester motions should lead to vibrations with only
very small amplitudes.® However, the contributions of
these ester vibrations to the dielectric relaxation of
PHBA can be substantial.

The paper is organized as follows. The model is
described in section 2. Sections 3 and 4 contain general
formulas for fluctuations of the transverse and longi-
tudinal components, respectively. The evaluation of
average correlation functions is performed in section 5.
In sections 6 and 7 the results are discussed and some
conclusions are made.

2. Model

The well-known Onsager theory (valid for isotropic
systems composed of molecules with free unhindered
rotation) leads to the relation between the dielectric
strength Ae and the dipole moment ug of a given group
(under vacuum):

Ae

AzN 3¢y (€, T 2)?
( ) ue’ (1)

T 3KT 26, + €\ 3

where N is the number of dipole groups per unit volume,
kg is the Boltzmann constant, T is the absolute tem-
perature, ¢ is the static susceptibility and ¢.. is that at
an infinitely high frequency.

According to the more rigorous Kirkwood—Frohlich
approaches,” which take into account intermolecular
interactions and hindered rotation, the ratio of the
measured value of the dielectric strength to that calcu-
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Figure 2. Dipole moment of an ester group ug and its
transverse projection u; onto the XY plane.

lated using the Onsager formula (eq 1) gives the value
of the correlation factor g which depends on the polymer
structure and the type of ordering:

2
g= EcB_I\/IE BM? (= M*0— M 2)
Nue

Here, [dM?20represents fluctuations of the total dipole
moment M of the real chain (the angular brackets
denote the ensemble average), and Nug? is the value of
[dM?Ofor a long chain without statistical correlations
between dipoles, i.e., for freely rotating dipoles.

We consider the possible types of local motions of a
given ester group. A Cartesian coordinate system is
introduced with a Z axis which coincides with the chain
axis (Figure 1). At equilibrium the dipole moment vector
of every ester group lies in the XZ plane and makes a
polar angle ® = +0 with the Z axis. The direction of
the Z axis is chosen in such a way that dipole moment
projection onto this axis is positive and the sign of the
dipole moment projection onto the X axis alternates for
neighboring ester groups in the chain. If the dipole
moment vector deviates from the XZ plane, its projection
on the XY plane makes an azimuthal rotation angle ¢
€ [0,27] with the X axis (Figure 2). We assume that the
polar angle ® and rotation angle ¢ only slightly deviate
from their equilibrium values £y and ¢o = 0 (or x),
respectively. Then, the motion of an ester group can be
separated into two independent motions: rotation around
the Z axis connected with the variation of rotation angle
¢ at ® = constant and vibrations in the XZ plane with
slight variations of the polar angle ®. These motions
will be referred to as the transverse and longitudinal
motions, respectively. Note that these terms are some-
what conditional, since changing © leads to variations
in both the longitudinal and the X-component of the
dipole moment of the ester group. In this approach
fluctuations of the transverse component of the chain
dipole moment M+ are a function of all d¢;, where d¢;
is a small deviation of the rotation angle, ¢;, from its
equilibrium value ¢ for the jth ester group. Fluctua-
tions of the longitudinal component 6M__ are a function
of all 66;, where 66; is a small deviation of the polar
angle, ©;, from its equilibrium value +0, for the ith
ester group.

We assume in this approach that torsional vibrations
governing the variations of ¢ and bending motions
governing the variations of ® are independent in the
first approximation, so that the potential energy of the
chain can be written as
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U(0¢,00) = U,(9¢) + U,(6) ®3)

and therefore does not depend on cross-terms such as
0¢j00;.

We consider only small torsional vibrations of ester
groups; then the potential energy U;(d¢) can be repre-
sented in a quadratic form:

1 N 1 N
Us(09) = JKi3 (09 = Oy-1)° + EKZZW 4)
= =

where the force constant K; defines the interactions
between elastically coupled rotators along the PHBA
main chain and the force constant K, defines the
interactions of dipoles of a given chain with the crystal-
line environment.

Correspondingly, the potential energy U,(56) is as-
sumed to be given by a similar expression:

1 N 1 N
U,(00) = EKl'Z(éej =06, 0)° + EKZ’ZMJ-Z (5)
= =

where the force constant K;' defines the interactions
between elastically coupled rotators along the chain and
the force constant K;' defines the interactions of dipoles
of this chain with the crystalline environment.

Therefore, in this linear one-dimensional approxima-
tion the hypothetical dynamic model is described by four
force constants: Ki, Ki" and K, K5'.

3. Fluctuations of the Transverse Component of
the Chain Dipole Moment

In this case, the polar angles, ©;, are fixed and only
the rotation angles ¢; € [0,27] vary. They are measured
with respect to their equilibrium states which for even
ester groups coincide with the positive direction of the
X axis and for odd groups with the negative direction
of the X axis (Figure 3). We consider an even number
of ester groups in the chain, so that N = 2k, and we can
write for the X- and Y-projections of the total dipole
moment

k
M, = MZ(COS O¢hy; — COS Opyi_1),
£

N
M, = yIZ(sin Opy; — SiN Opy_;) (6)
&

where u; = ug sin Qg is the transverse projection of the
dipole moment vector of an ester group, i.e., the com-
ponent lying in the XY plane.

The symmetry of the considered distribution of dipole
moments leads to IMyO= My0= 0 and, consequently,

BM’G = IM°G = IM,°CH IM,°00 7

Then, fluctuations of the transverse component of the
total dipole moment [dM?2[3 are equal to

Kk k
OM*Hu,®> = N + ZZZ{ [80S(0p; — Opyy)H
1=11=) K K

[60S(0¢y; 1 — Opoy_)F — 2 [60s(0¢p,; — O, ) (8)
2j—1 21-1 ;; 2j 21-1

4. Fluctuations of the Longitudinal Component
of the Chain Dipole Moment

In this case, the rotation angles, ¢;, do not change and
only the polar angles, ©;, deviate from their equilibrium
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Figure 3. Schematic diagram of transverse vibrations in a
PHBA chain.

Figure 4. Schematic diagram of longitudinal vibrations in a
PHBA chain.

values, £0,. As above, we consider an even number of
ester groups in the chain (Figure 4). Thus, we obtain
for the X- and Z-projections of the total dipole moment

k
M, = ﬂEZ[Sin(QO — 06,) — sin(©, + 86, (9)
£

k
M, = ;4,52[005(60 — 00y) + cos(0, + 660,_,)]  (10)
(5

The symmetry of the distribution of dipole moments
leads to IM[O0= 0, and, consequently,

BM?[] = IM,’[H OM,* [+ M()? (1)

where
N
ML) = ug cos O, Zmos 66,0 (12)
=

In the case of a long chain, [Gos 66;0does not depend on
j and

ML = Nug cos ©, [dos 56;[] (13)
Therefore, using egs 11 and 13, we obtain the following

expression for fluctuations of the longitudinal compo-
nent of the total dipole moment:

k k
BM2Qus? = N + 2ZZ{mos(aezj — 00,)H
1=11>)
k k
[80S(06_, — 66_,)F + 2 cos 20, ZZ@OS(@QZJ- -
Bl

60_,)0 [N cos ©, [Bos 66, (14)

5. Correlation Functions for a Sequence of
Coupled Rotators

As follows from egs 8 and 14, to derive [0M2[F and
[dM?2[], one should know the values of [@0s d¢;L] [G0S(O¢;
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— o¢))0and [Bos o6;L) [Bos(60; — o66;)L1 They can be
obtained using the distribution functions ®1(d¢) = exp-
(-U1(09)/ksT) and ®,(d¢) = exp(—U2(66)/kgT), respec-
tively. We put detailed calculations into the Appendix,
presenting here only final expressions for [gos d¢;Jand
[Gos(dg; — 0¢n)L

[Gos d¢;[1= exp(— %) exp(— g[yz + 2)/]’1’2) (15)
[Gos(0¢; — 0¢y) =

S el e Tl et 20
exp ﬂ ()/2 + 2V)ll2

The dimensionless parameters «, 3, and y are given
by

] (16)

a=kgT/K, B=kgTI2K,, y=plo=K,2K, (17)

We consider some limiting cases.
(1) Coupled rotators of a given chain do not interact
with a crystalline environment; i.e., a — o (y — 0). Then

[Gos o[~ 0 (18)
[Bos(d¢; — o)~ exp(—[j — 1|5) (19)

This result coincides with the exact solution for the
system of coupled rotators with the potential energy

1 N
U,(0¢) = EKlZ(a(Pj - 5¢j—1)2
=

which depends only on the angles between neighboring
rotators.® In this case, [6os(d¢j — O¢r)Cyields &i~!l, where
¢ = [Bos(d¢; — O¢j—1)Lis the average cosine of the angle
between neighboring rotators.

(2) Rotators are not coupled and interact only with
the crystalline environment; i.e., f — o (y — «). Then

[Gos d¢; [ exp(—a/2) (20)
[Bos(0¢; — d¢y) L1 [2os d¢;Idos d¢ [ exp(—a) (21)

i.e., [Bos(d¢; — d¢r)Udoes not depend on [j — .

Equation 20 coincides with the exact solution for the
system of noncoupled rotators interacting with the
crystalline environment. For such a system, K; =0 and
the potential energy is represented in the form

1 N
U,(0¢) = EKzzéijz (22)
E

To derive the average correlation functions for the
deviations 60; of the longitudinal components of dipole
moments, it is necessary to repeat the procedure shown
in the Appendix.

Finally, we obtain expressions which are similar to
those derived for the deviations of rotation angles d¢;
(egs 15 and 16) with the only difference being that the
force constants K; and K5 are replaced on the constants
Ky’ and Ka'.

6. Calculation of Fluctuations of the Total
Chain Dipole Moment

To calculate [dM?[F and [dM?[J, an approximation can
be used which allows us to simplify the summation in
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eqs 8 and 14. This approximation is valid when the
exponential index in eq 23 is much less than 1 at |j — |
=1:

1+ — 2+2 1/291j-1
exp[[ e VA 3) i G SO

(VZ + 2y)1/2 -
14y — @7+ 2y)"
(VZ + 2)/)1/2

B (23)

For sufficiently large values of the force constant K,
such that K, > KgT (this is the very estimation of K,
value which will be obtained below), the exponential
index is really small and turns out to be less than 0.1.
Since 0 < 1 + y — (y2 + 2y)12 < 1, the approximation
(eq 23) will be valid for every |j — 1| > 1.

Then, from eq 8 using eq 23, we obtain

PM?G k k
~N + 4ZZ(a + by —
i’ ==
k k
zzZ(a + by200Hy (22)
Gl
where

a=exp(—Aly° + 2yI""%), b=aBly*+2y1%,
n=1+y—[y?+2y]"

An expression for infinite regression can be used if the
chain is sufficiently long. Neglecting small components,
we obtain finally for fluctuations of the transverse chain
dipole moment component

BM?G
N#l2

~ 1 - exp(—ply° + 2y]‘1’2>(1 + By +

21 2] @5)

Assuming that Ky’ > kgT and hence eq 23 is valid, we
obtain from eq 14 the corresponding expression for the
longitudinal component:

BM2)

2

o k k
~ N — N?cos’ ©, exp(— —)a' + 4ZZ(a’ +
u N =115
E

k k
b'(7')*" ) + 2 cos 20, ZZ(a’ + ()20 (26)
GE

where

a' = exp(=p'[()" + 2y1),
b’ = a'ﬂ'[(j/')z + 2)/,]*1/2,
n=1+y =) +2yT"
o =kgTIK,), B =kgTI2K,', y' =plo’ =K, [2K,'

The appearance of an additional term containing exp-
(—a'/N) in eq 26 (compare with eq 24 for the transverse
component) is due to the presence of a zero normal
mode, which describes rotation of the chain as a whole.
Calculating the fluctuations of the transverse chain
dipole moment component, the contribution from this
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mode vanishes due to the mutual compensation of the
transverse projections of the dipole moments of ester
groups. When the chain has a considerable longitudinal
projection of M, the contribution from a zero normal
mode into [dM?2[] is essential.

If the chain is sufficiently long, we obtain for the
fluctuations of the longitudinal chain dipole moment
component

DM?
1 exp(- I 2y]1’2)(1 — ALY +
Nig
2n'(n' + cos 20,)
1- ()

In deriving this equation we also used the condition

2y'1 Y2 — cos? ®Oa') (27)

exp(—a,'/N) ~ 1 — o,'/N

which is valid for sufficiently long chains.

7. Discussion

It is necessary to recalculate a value of the dielectric
strength to compare our results with experimental data
using egs 1 and 2. For this purpose the value of the total
dipole moment of the ester group ug = 1.7 D should be
taken instead of its transverse projection x#; = 1.43 D.
We found that the correlation parameter g 7 is equal to
0.15 + 0.03, i.e., less than the value obtained in ref 6.
(We remind the reader that parameter g in ref 6 has
the physical meaning of a fraction of freely rotating
dipoles.)

To compare BdM20values and fluctuations of the
rotation angles with Ae values obtained from the
experimental data® and also with the results of molec-
ular mechanics calculations,’® we should estimate the
force constants K, Ky, and K;', K. An estimation of
the magnitudes of K; and K;' can be obtained from the
dependencies of the torsional energy on the rotation
angle. These dependencies were previously calculated
using the AM1 method of quantum chemistry for the
torsion motions around the Cagr—O bonds of the PHBA
main chain and ester bonds, respectively.® The results
of this calculation show that deviations of the rotation
angles of 15° from their equilibrium values correspond
to an increase of the torsional energies of about 0.2—
0.25kgT. This gives values of K; and K;' ~ 5—7kgT (or
pand g ~ 0.1).

An estimation of the magnitudes of K, and K;' can be
obtained from the experimental data on dielectric
relaxation,® i.e., from the value of an activation energy
corresponding to dipolar motions occurring in noncrys-
talline regions of the PHBA low-temperature phase.® We
assume that the local structure in the high-temperature
ordered phase is similar to that of the noncrystalline
regions of the PHBA low-temperature phase. The acti-
vation energy is found to be approximately 14 kcal/mol.
Using a simple dependency between the potential
energy and the rotation angle or polar angle (for
example, Ui(d¢) ~ sin?(d¢p) or Uy(60) ~ sin?(66)), we
obtained the approximate relations between the height
of potential barrier and K; or K;' values. Such an
estimation gives the values of K, and K, ~ 10kgT (x
and o' ~ 0.1).

First we consider the contribution of only transverse
torsional vibrations of ester groups to the fluctuations
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Figure 5. Contour map displaying dependence of the cor-
relation parameter gr on o and .

of the chain dipole moment. The correlation parameter
g = g7 for transverse torsional vibrations can be

calculated as
" 2
1
— (28)
E

where [OM?2F/(Nu1?) is given by eq 25. It is necessary
to take into account that the dipole moment vector of
an ester group forms the angle ®y = 57° with the chain
axis Z;1! thus, u; = sin(57°)ue. The dependence of
the correlation parameter gr on the dimensionless
parameters a and g is represented in Figure 5. Fluctua-
tions of the transverse projection of the chain dipole
moment increase with the increase in o and g, i.e.,
with a decrease of the interactions of both types. The
above-mentioned value of g = 0.15 + 0.3 obtained
from the experimental data on dielectric relaxation®
corresponds to the values of o and f greater than
0.3, whereas the values of a and § obtained from our
estimations correspond to a lower value of g ~ 0.03.
Therefore, the study of fluctuations of the transverse
component of the chain dipole moment alone is not
sufficient for the description of the PHBA dielectric
relaxation experimentally observed by Kalika and
Yoon.®

A certain type of the transverse torsional vibrations
was considered for a polyester model used in the
molecular mechanics calculations.1° In that study rota-
tions around the Cag—O bonds of the PHBA main chain
were allowed (Figure 1). The authors found that the
mean-square deviations of rotation angles 6¢ from their
mean values were about 15—20°.

The mean-square deviation of the rotation angle ¢
from its equilibrium value (equal to O or x)

PM?
Nﬂlz

97 =

AGH? = [2(1 — cos ¢)]1’2%

can be also calculated in the frame of our model with
the help of eq 15. The estimated values of a and
correspond to [A¢2[¥2 ~ 14°. This result is in a good
agreement with the values of [A¢?[¥2 obtained in ref 10.
Thus, the estimations used for the force constants K;
and K are in good accordance with the description of
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transverse torsional vibrations of ester groups in the
PHBA chain. However, the value of [dM?2[torresponding
to the experimental data could be only obtained if we
take into account also the longitudinal torsional and
bending vibrations.

The contribution of only longitudinal vibrations of
ester groups to fluctuations of the chain dipole moment
is presented in Figure 6. In this case the correlation
parameter g = g

g, = BM’[/Nug” (29)

can be obtained from eq 27. Figure 6 shows that
fluctuations of the longitudinal component of the chain
dipole moment increase with the increase in o, i.e. with
a decrease of the interactions with the crystalline
environment. The dependence of these fluctuations on
p' is more complicated. They almost do not depend on
p' for o' < 0.2, increase with the increase in ' for 0.2 <
o' < 0.5, for o' > 0.5 first slightly decrease with the
increase in ', and after achieving the minimum value
begin to increase again. The dependence g, (5') qualita-
tively distinguishes from the dependence gr(5') due
to different symmetry types of the distributions of
dipole moment projections of ester groups participat-
ing in the transverse and longitudinal vibrations. The
values of o' and ' estimated above correspond to g ~
0.09. Essentially, fluctuations of the longitudinal com-
ponent are found to be not only comparable in mag-
nitude with fluctuations of the transverse component
but also approximately three times greater. Thus,
fluctuations of the longitudinal component cannot be
neglected in description of the dielectric relaxation of
the PHBA.

In the case when both mechanisms—transverse and
longitudinal vibrations—contribute to fluctuations of the
dipole moment of the PHBA chain, the correlation
parameter g is equal to gr + g (egs 28 and 29). The
dependence of g on the dimensionless parameters o. and
p is presented in Figure 7. The estimated values of a
and g correspond to g ~ 0.11, which is close enough to
the value of g = 0.15 + 0.3 obtained from the dielectric
relaxation study.® Therefore, to describe the dielectric
relaxation in the PHBA bulk sample, it is sufficient to
consider only the mechanisms of torsional and bending
vibrations of ester groups compatible with the ordered
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Figure 7. Contour map displaying dependence of the cor-
relation parameter g on o and

crystalline structure of PHBA. The estimated values of
the force constants correspond to mean-square devia-
tions of the rotation and polar angles of about 13—14°.
These angles are slightly smaller than those corre-
sponding to the experimental value of the correlation
parameter. However, a slight increase in the amplitudes
of vibrations of both types (on 2—4°) already gives the
desired value of g.

Finally, we showed in this work that small torsional
and bending vibrations of ester groups can result in
considerable fluctuations of the total dipole moment of
a PHBA chain. The experimentally observed dielectric
relaxation of a PHBA chain can be described as a
superposition of contributions from transverse and
longitudinal vibrations of ester groups away from their
equilibrium positions in the ordered crystalline lattice.
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Appendix

For a chain with free ends the linear transformation
from the coordinates d¢; to normal coordinates gs is

1/2N—-1
Zcos
s:

Here the normal coordinate qo describes rotation of the
chain as a whole.

Following this transformation the potential energy U;-
(6¢) given by eq 4 is reduced to the diagonal form:

s Yo
¢j_@+

2

N ds (Al)

2j + 1);15)

N—-1
U(q) = 1/2;01445 (A2)
where
As = 4K, sin®(s/2N) + K, (A3)

are the eigenvalues of the potential function.
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Then

00 G qo
[Bos d¢, 0= @xp(idg,) = rlj:o j‘; expy i — +

2\12N-1
(—) Ccos
N

S=

(2] + 1)7s

G|t x exp{ — [K,00" +

B
N-1

N—-1
2911 [das (A4)
p4 SIS SIJ S

where | is the normalization constant. Taking into
account that the potential energy (eq A2) has a qua-
dratic Gaussian form and that only small relative
vibrations are considered (because K; > kgT and K; >
ksT), we can extend the integration with respect to q
over the whole range from —o to +oo.

In this case, we obtain

kgT
[Gos d¢; = exp|—

X
2
KgTN-1  cos?((2j+1)xs)/2N
exp|— — (A5)
2N &12K, sin®(ws/2N) + YLK,

Simplifying this equation further, we pass for a suf-

Macromolecules, Vol. 33, No. 2, 2000
ficiently long chain from a sum Y2 to an integral (N/
7) [ dx, x = zs/N, and obtain finally for [@os d¢;C]
[6os o¢;L 1=

kT keT[[ K, \2 ) K, |2 5
exp _ZNK2 exp _4_K1 2_K1 + Z_Kl (A )

The averaging of [Bos(d¢; — Jd¢)Uis performed in a
similar way.
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